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Abstract 

The Hopf algebra dual form for the non-standard uniparametric deforma- 
tion of the (1+1) Poincare algebra iso{l, 1) is deduced. In this framework, 
the quantum coordinates that generate Fun^{ISO{l, 1)) define an infinite 
dimensional Lie algebra. A change in the basis of the dual form is obtained 
in order to compare this deformation to the standard one. Finally, a non- 
standard quantum Heisenberg group acting on a quantum Galilean plane is 
obtained. 



1 Introduction 



Quantum deformations were introduced as quantizations of some integrable models 
characterized by quadratic Poisson brackets |l|]. The essential relation between these 
brackets and Lie bialgebras was established by Drinfel'd [0]. This link provides a 
framework to understand the quantization of such Poisson-Lie structures as a dual 
process to the (bialgebra) deformation of universal enveloping Lie algebras 0. More 
recently, the T-matrix approach has been introduced in such a way that the Hopf 
algebra dual form T summarizes duality in a universal (representation independent) 
setting 0, 1^, 0. The transfer matrices of certain integrable systems can be seen 
as particular realizations of the dual form T and, conversely, the construction of 
new integrable models could be guided by the obtention of new T-matrices. In 
general, this approach provides a "canonical" formalism in which quantum objects 
are defined in a completely similar language to their classical counterparts. This 
"proper" setting provides a generalization of many group theoretical results to the 
non-commutative cases in a straightforward -although possibly cumbersome- way 
(for instance, see for an example in the context of g-special function theory). 
From an algebraic point of view, the T-matrix approach emphasizes the equivalent 
role that both quantum algebras and quantum groups play as Hopf algebra defor- 
mations and reveals the importance of solvable Lie algebras in this context, a fact 
that has been also pointed out in |Q. 

The Lie bialgebra structures compatible with a determined Lie algebra give a 
primary characterization for its quantum algebra deformations. So far, the de- 
formations coming from the (non-degenerate) coboundary Lie bialgebra structures 
classified by Belavin and Drinfel'd P have been deeply studied (the so-called "stan- 
dard" deformations |ll]). In some cases, their corresponding T-matrices have 
been deduced and, by using contraction methods, these results have been extended 
to some quantum non-semisimple groups ^ H, ^ 

In this paper we deal with the non-semisimple inhomogeneous algebra iso{l, 1) ~ 
^2 © so{l, 1) with classical commutation rules 

[ir,P±] = ±2P±, [P+,P_]=0. (1.1) 

As a real form, the algebra iso{l, 1) is isomorphic to the (1+1) dimensional Poincare 
algebra: K and P± generate, respectively, the boosts and the translations along the 
light-cone. A non-standard coboundary Lie bialgebra (iso(l, 1), (5*^""^) is generated 
by the classical r-matrix 

r(") = irAP+. (1.2) 

As usual, 5*^")(X) = [10 X + X 01, r*^")] and r*^") verifies the Classical Yang-Baxter 
Equation (CYBE). The set of coboundary structures for this algebra is completed 
by the Lie bialgebra (zso(l, 1), 6^^^) given by 

r(^) = is: A (P_ + P+), (1.3) 

that generates the standard deformation |ll4| , |15| (this r^^^ fulfills the modified 



CYBE). As a particular feature of the (1+1) Poincare algebra |]T6|, 0, there also 
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exists a non-cob oundary iso{l, 1) bialgebra with cocommutator 



= 0, 5("'=)(P±) = P±AK. (1.4) 



It can be easily checked that the quantum Poincare algebra of is a deformation 
of iso{l, 1) "in the direction" of S^'^'^\ 

Starting from the quantization [/^zso(l, 1) (reviewed in Section 2) of the Lie 
bialgebra {iso{l, 1), (J*-"^), the construction of its Hopf algebra dual form is developed 
in Section 3. The main result of this section is that the non-standard quantum T- 
matrix is written as a product of usual exponentials. We recall that the (1+1) 
Poincare dual form given in |jl2|] (that corresponds to the quantum algebra fTsU ) 
does contain g-exponential factors. 

In Section 4, the non-standard quantum JS'0(1,1) group is deduced. We em- 
phasize a relevant difference of the result so obtained with respect to the T-matrices 
already known: in ^, 12, 13| the classical dynamical variables (i.e., the group co- 



ordinates under a certain factorization of the group elements) generate a (solvable) 
finite dimensional Lie bialgebra {gx,^), and the quantum group is constructed as 
a deformation Uq{gx)- In our case, the Poisson algebra defined by the Sklyanin 
bracket coming from ( |1.2|) is an infinite dimensional Lie algebra, and its quantization 
is obtained by applying the Weyl prescription onto this infinite-dimensional object. 
In particular, this enhances the differences between the T-matrix of |jl2[ and the 
one presented here. 

On the other hand, the symmetric character of the T-matrix is used to transform 
in a consistent way the light-cone quantum coordinates into the quantum space- 
time cartesian coordinates. This allows us to compare the results here obtained to 



those of [T^ that correspond to a "standard" quantum IS0{1, 1) group dual to the 



deformation generated by ( p..3| ). By following the scheme developed in |[T^, it is 



possible to understand ?7^iso(l, 1) as a quantization of the Poisson-Lie similarity 
group SB (2). 

To end with. Section 5 introduces a new quantum Heisenberg group obtained 
from the previous results by means of a formal transformation involving Clifford 
dual units. This quantum group acts naturally on a quantum Galilei plane, and can 
be easily embedded within the classification given in IT^ . 



2 Non-standard quantum zso(l, 1) algebra 

It is well known that in s/(2,lR) there exist two non trivial (coboundary) Lie bial- 
gebra structures pO[. The first one is generated by r^^^ = J+ A J_ and underlies the 
(standard) Drinfel'd-Jimbo deformation for this algebra. The quantization of the 
non-standard bialgebra (with r^^^ = J3 A J+) was developed in . 



At a classical level, the involutive automorphism of sl{2, IR) given by S{Js, J±) = 
( J3, — J±) induces an Inonii-Wigner contraction of this algebra that is obtained as 
the limit e of the transformation {K, P±) := T^J^, J±) = ( J3, eJ±). The algebra 
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that arises under such a contraction is just (|1.1|). This procedure can be extended 
to the quantum case by taking into account the following "quantum" automorphism 
of f/,s/(2, R) 

5g(J3,J±;z) = (J3,-J±;-^). (2.1) 
Involution Sq gives rise to a generalized Inonii-Wigner contraction: 

{K, P±; w) := r,( J3, J±; z) = ( J3, z/e), (2.2) 

where K and P± and w are the Lie generators and the deformation parameter of the 
contracted quantum algebra [/^zso(l,l). By applying the transformation Vq onto 
the deformation given in |^ and making the limit e — 0, the quantum algebra 
Uwisoil^l) is obtained (see ^^). It is worth recalling that this quantum algebra 
was firstly discovered in |^ with no reference to contraction procedures. 

Proposition 2.1. Let K and P± the infinitesimal generators of the Lie algebra 
iso{l, 1). The Hopf algebra Uwiso{l, 1) is given by the coproduct, counit, antipode 

AP+ = 1®P+ + P+® 1, 

AP_ = e~"'^+ ® P_ + P_ ® e"'^+, (2.3) 
AK = e-"'^+ ^K + K(g) 6""^+, 

e{X) = 0; 7(X) = -e^^+ X 6""^+, for X G {K, P±}, (2.4) 
7(P+) = -P+, i{P.) = -P., ^{K) = -K + 2smh{wP+)- (2.5) 
and the commutation relations 

[K, P+] = 2 ^ [7^^ p_] = _2 p_ cosh(«;P+), [P+, P_] = 0. (2.6) 

r/izs structure is a quantization of the non-standard Lie bialgebra of iso{l, 1) gen- 
erated by r^") = K A P+. 

The center of Uwiso{l, 1) is generated by 

C^ = 2PJ^^^^^^. (2.7) 

w 



A classical 3x3 matrix representation of iso{l, 1) is given by: 

/00 0\ /000\ 
DiK) =00-2, D(P+) = 1 00, DiP_) 





/ 
1 

V 1 

(2.8) 

and a quantum matrix realization of Uwiso{l, 1) coincides with the classical one: 

Dq{X) = D{X), Xe{K,P±}. (2.9) 
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3 The universal T— matrix 



Following 0, 1^ we consider the Hopf algebra dual form 

T = Ep„,e®X''^ (3.1) 
abc 

where X"'^'^ is a basis for Uwiso{l, 1) and its dual basis Pabc generates Fun^{ISO{l, 1)) 
(sumation over repeated indices will be omitted from now on). 

The T-matrix is constructed here starting from Uwiso{l, 1). A suitable basis to 
work is X""^"^ = A"iA^''H^ (hereafter this ordering will be preserved), where 

A+ = P+, A_ = e-^'^+P^, H = e'"^+K. (3.2) 

The following coproduct and commutation rules are deduced from (|2.3|) and (El 



A(A+) = 1® + 1, 

A(v4_) = e-2^^+®A_ + A_®l, (3.3) 
A{H) = 1®H + H®e^'"^+] 

[H,A^] = , [H,A_] = -2A.e'-^\ [A+,A^] = 0. (3.4) 

The dual basis to X"-^'^ is defined by 

(p,,„X'-") = 5iC5c- (3.5) 
and we set a_ = pioo, a+ = Poio and x = Pooi- 

Theorem 3.1. The dual basis Pgrs can be expressed in terms of the dual coordinates 
a_, a+, X in the form 

Pqrs = (3.6) 
ql rl si 

and the Hopf algebra dual form T reads 

T = e"-^-e"+^+e*^. (3.7) 



The proof of this statement follows by considering the structure tensor F that 
gives us the coproduct of an arbitrary element of f/u,zso(l, 1) 

AiX'^'^) := FtX,rs ® X^''' (3.8) 
and, by means of duality, the product in Fun^{ISO{l, 1)) 

PlmnPqrs ■^lmn\qrsPahc- (3.9) 
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In particular, it is easy to see that 



pabc ra r6 rc 

-"^OOO^grs ~ "q "r "s' 

^lmn;000 ~ ^m^n^ (3.10) 
lmn\qTS ^m^n^q^r^s' 



Two recurrence relations for F can be deduced by observing that 



A(A_)A(X 



(a— l)6c\ 



and using ( p.3| ) and (|3.4|). In this way we find: 



" lmn;qrs / y lkn;{q—l)rs 



k=0 



|_ p(a-l)6c 

_ f^y {l-l)mn;qrs^ 



a,q,l> 1, 



rpabc 
lmn;qrs 



-,a(fe— l)c 



l)n;(7rs ' i 



a(6-l)c 



l(m—l)n;qr 



lmn;q{r-l)s^ 



b,m,r > 1. 



(3.11) 
(3.12) 



(3.13) 
(3.14) 



The recurrence relation corresponding to A(X"^^) = A(X"^^^^) A(if) is much harder 
to find in general. However, for our purposes, we shall only need some particular 
cases of it. 



The relations (|3.13|) y (|3.14|) , together with (|3.1CI|) , lead to 

a 5° 1 6^. 5^, 



rpabc 
^100;qrs 

T-iabc 



^ Q10;qrs — ^^q ^s) 

and by simple considerations we can also find that 



a > 1, 
6 > 1, 



:pabc 
lmn:001 



(3.15) 
(3.16) 



(3.17) 



These are the elements of F that are relevant in order to compute the dual basis. 
Now, with the aid of ( p.8| ) and ( |3.15| ), the following relation holds 



PlOOP{q-l)TS — FlOO;(q-l)rsPabc — O-^lK^lPabc — QPqrs 



a xb xc . 



SO 



Pqrs 



P(q-l)r 



—rPors- 



(3.18) 



(3.19) 



Straightforward calculations based on (|3.16|) and ( p.l7|) together with the fact that 
Pooo = 1 complete the proof of the theorem. 



4 The quantum group Funw{ISO{l, 1)) 

The structure tensor F also allows us to deduce the commutation rules between the 
generators of Funw{ISO{l, 1)). As a result, we enunciate the following proposition: 



6 



Proposition 4.1. The dual coordinates a_, a+ and x satisfy 

[X,a+] = w{e'^^ - 1), [x,a-] = 0, [a+, a_] = -2wa_. (4.1) 

Proof: The commutation relation of any two elements of Funw{ISO{l, 1)) is 

[Plmn^Pqrs] = {Flmn;qrs ~ ^qrs;lmn)Pabc- (4-2) 

The explicit expressions (|4.1| ) for [x, ti-] = [pooi^Pioo] and [a+,a_] = [poicPioo] are 
straightforwardly derived from the relations involving F in the previous section. In 
spite of the absence of a third general recurrence relation, we can again find the 
particular values of F involved in 

[X, «+] = (-^001;010 - Kw-m)Pabc- (4.3) 

From ( p.l6| ) we obtain that -Fo°iO;00i = ^^o^i^J- On the other hand, -Fo'oi;Oio gives 
the coefficient of the term H (g) in A{X°''"^). Such a term appears either when 
b = c = 1 (this contribution annihilates the previous poii term) or in the cases 
a = b = and c arbitrary (note that, since [H, A±\ does not produce H, this 
generator cannot appear as a byproduct of reordering processes). As a consequence, 

Fmifiw Pabc = Poll + 2w Pool + 4w Poo2 + ... + 2''w poofc + • • • (4.4) 

Therefore, 

OO 1 

a+] = ^ E Ij'^'x' = w{e'^ - 1). (4.5) 
k=i ^■ 



Note that two algebras (|4.1| ) with parameters w and (both of them different from 
zero) are isomorphic. 



Since the classical fundamental representation of iso(l, 1) (|2.8| ) is a fundamental 
one for the quantum algebra Uwiso{l^ 1), the specialization of the T-matrix ( |3.7| ) to 
this realization is just the classical IS0{1, 1) group element with non-commutative 
entries: 



/I 

a_ + a+ cosh 2% —sinh 2% | . (4.6) 
y a_ — a+ — sinh 2% cosh 2% 



Thus, the multiplicative property of T provides the coproduct for Funw{ISO{l, 1)) 
(note that D,(P±) = D,{A±),D^iK) = D^{H)). 

Theorem 4.2. The Hopf algebra Funy^{ISO{l, 1)) is given by the commutation 
rules l \4-l\ ), coproduct 

A{x) =x®l + l®X, 

A(a+) = a+ (g) 1 + cosh 2% (g) d+ + sinh 2x ® a+, (4.7) 
A(a_) = a_ eg) 1 + cosh 2% eg) a_ — sinh 2% a_; 
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counit and antipode 

e(X) = 0, XG{a+,a_,x}; (4.8) 
7(x) = -X, 7(a+) = -e''^^d+, 7(0.) = -e^'^a.. (4.9) 



The "coincidence" between classical and quantum coordinates can be also ex- 
tracted from the Poisson-Lie structure underlying this quantization. A Poisson- 
Hopf algebra of smooth functions on the group IS0{1, 1) can be constructed by 
means of the classical non-standard r-matrix r*^"-* = K A P^. The Sklyanin bracket 
induced from this r-matrix is 



{/, g} = {x^fXlig - X^fX^g) 

= XyX^p^g - X^JX^g - X^fX^^g + X^JX^g. (4.10) 

We use the classical matrix representation similar to ( [4.6|) to obtain the left and 
right invariant vector fields: 



X^ = 9^, X^p^ = e^^da^, Xj;=e-^^da_, (4.11) 



X^ = d^ + 2a+da^-2a_da_, X^=da^, X^_=da_, (4.12) 



and we get the following result: 
Proposition 4.3. The Poisson bracket 

{/, g}=mo ((e^x - l)d^ a d^^ - 2a^da^ A da_)U ® g), (4.13) 

gives the structure of a Poisson-Hopf algebra to Fun{ISO{l, 1)) (m{a ® 6) = ah). 
In particular for the coordinates a^, a_ and x ^6 get 

{X,a+} = wie"^^ -1), {x,a-} = 0, {a+, a_} = -2wa_. (4.14) 



This means that the commutation rules ( [4.1|) can be seen as a Weyl quantization 
{,}—>■ w'^l, ] of the fundamental Poisson brackets given by ( [4.14| ) and that the 



classical coproduct does not change under quantization (compare to @, [12|). 



On the other hand, the FRT prescription is consistent with Theorem 4.2. The 
(quadratic) commutation rules between the entries of the quantum matrix ( [4. 61) that 
are derived from (|4.1|) coincide with the relations obtained via the FRT procedure 



and with the aid of the quantum i?-matrix 

R= 101 + wDg{H) A Dg{A+). (4.15) 

Finally, it is worth recalling that in ^, |12|, |l3l the T-matrix coordinates that 



generate Furiq^G) close a solvable finite dimensional Lie (super) algebra (with the 
exception of the "esoteric" quantum GL{n) [^). In particular, for the zso(l, 1) case 
studied in it is shown that 

[tt, 7r_|_] = — 2; 7r_|_, [tt, 7r_] = — z 7r_, [7r+,7r_] = 0. (4.16) 
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This is no longer the case for the non-standard deformation ( [4.1[ ). In fact, if we 
consider a+, a_ and fm '■= e^™* {m E Z), we can identify Funu,{ISO{l, 1)) with an 
infinite dimensional Lie algebra endowed with a Hopf algebra structure: 

A(a+) = a+ ® 1 + A ® a+, (4.17) 
A(a_) = a_ (g) 1 + /_i (g) a_. 

Moreover, since 

[fm,a+] = 2wm{fm+i - fm), (4.18) 

we have an infinite-dimensional Hopf subalgebra generated by fm and a+ (note that 
H and do generate a Hopf subalgebra aswell). It would be interesting to know 
whether this is a general feature of the non-standard deformations and to investigate 
the dependence of the dimensionality of the quantum algebra of coordinates with the 
parametrization. In principle, this infinite-dimensional aspect makes the approach 
formally closer to the realistic integrable models obtained without truncating the 
spectral parameter [^. 



4.1 Standard versus non-standard deformations 



In order to compare the results so far obtained to the ones given in [|15| it is neces- 
sary to perform a "change of quantum coordinates" relating the "light cone" ones 
(a+, a„) with the time and space quantum translations (di, 02). We recall the defin- 
ing relations for the (1+1) quantum Poincare group described in W^. The group 
element was 

/ 1 ° - "A 

G = \ ai cosh^ sinh^ , (4.19) 
\ 0,2 sinh^ cosh^ / 

and the commutation rules between the coordinates read 



[e^ai] = w'(cosh^ - 1) 
[9, 0,2] = w' sinh 6, 



[ai, 02] = w ai. 



This algebra can be also written in terms of generators gn 
tum (1+1) Poincare plane of coordinates 



w X 



is) 



,As) 



(4.20) 



e . The standard quan- 



characterized by [ 



is easily derived from these expressions. 



Both standard and non-standard quantizations turn out to be Weyl quantiza- 
tions of the classical coordinates preserving the multiplicative property of T^'^ and 
G (cfr. ( [4.131 ) and eq. (3.1) in JlSl). This fact suggests the use of the classical 



relation between coordinates as an Ansatz for the change of quantum coordinates: 



-2x, Si = d_ + a_| 



02 



(4.21) 
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This redefinition implies that T^'' and G become identicaL Hence, we have two 
different sets of commutation rules compatible with the same coproduct A(G) = 
G®G. In particular, the change (|4.21|) on (|4.1|) provides the non-standard brackets 

{w' = -2w) 

[9, ai] = w' (cosh 9 — 1 — sinh 9), 

[9,a2] = w' {sinh 9 - {cosh 9 -1)), (4.22) 
[di, 0.2] = w' (di + 0.2). 

The non-standard quantum Poincare plane (whose relations are invariant under the 
coaction defined by G on a vector ( 2 )) is characterized by 

[4"),4")] = w;'(4") + 4")). (4.23) 

A comparison between both quantizations shows that, in this quantum basis, the 
non-standard deformation seems to be constructed by adding some additional terms 
on the standard relations. It is also worth remarking the absolutely symmetrical 
role that both coordinates play in the non-standard case (see the quantum plane 
relation (^4.23|) ). This kind of "symmetrical" quantization has been already related 



to the non-standard (2+1) deformations at a quantum algebra level [^. In the last 



Section we shall analyze this symmetry from a more geometrical point of view. 



4.2 A realization of T with entries in Uyj{iso{l, 1)) 

In general, given a Lie group G it is rather difficult to control how a given change 
of basis in Funq{G) can be paired to a transformation of the generators of Ug{g), 
g=Lie{G), in such a way that duality is preserved. In the sequel we see how the 
solution to this problem is naturally contained within the T-matrix approach. 

Let us consider the change of basis ( [4.21| ). We are interested in finding a set 
{Ai, A2, A12} of generators of Uw{iso{l, 1)) such that the Hopf algebra dual form T 
is preserved: 

T = e°-^-e""^^+e^^ = e^i^^^e^^^^e^"^^^ (4 24) 

Since "universal" computations to relate both Uiu{iso{l, 1)) bases are extremely 
cumbersome, we can specialize the T matrix to a (fundamental) representation Q 
of Fun^{ISO{l, 1)) given by 

/ 1 \ 
-2w 
2w 
V / 
(4.25) 



Qix) 



/ 1 ^^ 





V y 



Q(a_) 



^ ^y 

1 



V / 



, Q{a+] 
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A straightforward computation shows that 



( 1 





H 




\ 





^-2wA+ 





A_ 








^2wA+ 







I 








1 


/ 



(4.26) 



From this point of view, Uw{iso{l,l)) is a quantum similarity group (it is easy 
to check that Q(a+), Q(d_) and Qix) close a similarity algebra sh{2)) with non 
commuting coordinates A_ and H. Moreover, the coproduct (|3.3|) is reproduced 
by the multiplicative property A(T'^) = T'^®T^ . 

The new quantum coordinates admit a representation Q{ai), Q{a2) and Q{9) 
derived from ( |4.21| ) and ( |4.25| ). By computing the corresponding exponentials we 
obtain a second expression for the dual form := e'3('*i)^ie'^*^"^'''^^e'^*^^-''^^^: 



( 1 

g g-2«>(Ai-A2) 



V 



-2Ai2 



^2w{Ai-A2) 





2w ^ 



A1-A2 

-2w{Ai~A2) _ 2g-2toAi _|_ 





(4.27) 



The relation between the two Uyj{iso{l^ 1)) bases is now clear 

A. 
H 

Note that lim^t,^o = Ai + A2 and we recover the usual classical change of basis. 



Ai - A2, 
2w 

-2Ai2. 



(4.28) 



4.3 A Poisson— Lie realization of Uu;{iso{l, 1)) 

The quantum algebra Uyj{iso{l, 1)) can be considered as a Lie bialgebra deformation 
of iso{l, 1). The cocommutator S^^^ is a coboundary that gives the first order term 
in w of the antisymmetrized part of the coproduct (|3.3|): 



(5(")(^+) = 0, 

(5(")(^-) = 2u»^_ AA+, (4.29) 
(5(")(if) = 2wH AA+. 

As we mentioned above, if we take into account the representation ( ^.25| ) of the 



Hopf algebra Funw{ISO{l, 1)), the commutation rules ( [4.1|) are linearized into the 
Lie algebra sb{2) 

[Q{x),Q{a+)]=2wQ{x), [x,a-]=0, [Qia+),Q{a.)] = -2wQ{a.), (4.30) 
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and the antisymmetric part of the coproduct ( [4.7D is reduced to 

^(g(a+)) = 2g(x)AQ(a+), 

,5(Q(a_)) = -2Q(x)AQ(a_), (4.31) 

HQm = 0. 

It is easy to check that (s6(2), 6) is the dual Lie bialgebra of (zso(l, 1), 6). Moreover, 
(s6(2), 6) is a coboundary bialgebra generated by the classical r matrix f = — (5(a+) A 
Q{x) that verifies the CYBE. 

This result can be related to the dual picture developed in the previous section. 
Provided that and H are considered as classical (commutative) coordinates, 

the matrix ( ^4.26| ) can be viewed as a 4 x 4 realization of the group SB {2). Then, 
we obtain: 

Proposition 4.4. The fundamental Poisson brackets 

2wA+ _ 1 

{H,A+} = , {/J,A_} = -2A_e2-^+, {A+,A_} = 0, (4.32) 

w 

endow Fun{SB{2)) with a Poisson-Lie structure. 

The coboundary structure of {sb{2),6) is essential in order to construct the 
bracket ( [4.32| ) by using the Sklyanin procedure ( [4.10| ). The left and right invari- 
ant vector fields 

X^(^) = dn, = 2wHdH + Oa^, = e-'"'^+5A_, (4.33) 

^Q(x) = e"'"^^^^^' X^^,^^ = -2wA^dA_+dA^, X5(,_) = 9a_, (4.34) 

are obtained from ( 4.26 ). The coproduct (3^) is now the classical SB{2) group 
law. Moreover, the triangular nature of f ensures the existence of a *^-product 
quantizing ( |4.32|) . A similar construction has been fully developed in |jl5[ for the 
standard deformation of the Heisenberg algebra. 



5 A non-standard quantum Heisenberg group 

It is well known that the points of the two dimensional Euclidean plane can be 
identified with the complex numbers, that is, each point with Cartesian coordinates 
{xi,X2) corresponds to the complex number Z = xi + 1x2- A similar description 
can be done for the (1+1) Galilei and Poincare planes by considering dual numbers 
and double numbers, respectively. Thus, points within the planes of these three 
geometries can be formally described in terms of numbers Z = xi + jx2, where 
the "imaginary" unit j is outside the real numbers, and can be equal either to the 
complex unit i = —1) , to the dual unit e (e^ = 0) or to the double unit e (e^ = 1) 
P5| , pB[ . In this section we show how it is possible to extend formally the non- 
standard quantum Poincare group studied in the previous Section to non-standard 
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quantum analogues of the (1+1) Euchdean and non-extended Gahlei (Heisenberg) 
groups. This approach reveals also some traits of the non-standard Poincare group 
which are somewhat hidden in the previous treatment. 

If we perform the following formal change of basis (depending on the unit j) in 

Pi = liP- + P+), P2 = Ij{P^-P+), Ju = -IjK, (5.1) 
the commutation relations ( |1.1| ) turn into: 

[Ji2, Pi] = P2, [J12, P2] = fPi, [Pi, P2] = 0. (5.2) 

The change (^) gives rise to a transformation of the group coordinates. By using 
the classical exponential factorization we have that 

^a_P_^a+P+^xK ^ ga_(Pi + iP2)ga+(Pi-iP2)gX(-f-/i2)^ 

g(a_+a+)Pigi(a_-a+)P2g-|x^i2 ^ gfliPi ga2P2 J12 _ j^g 3^ 

Hence, we define a quantum analogue of the expressions ( p.3| ) 



1 2 

ai = d- + a+, 0.2 = -(S- — a_|_), 9 = — x, (5.4) 

J 3 

completed with a suitable defined transformation of the deformation parameter w 
in the form 

2 

V = — w. (5.5) 
j 

Strictly speaking, expressions ( p. 41 ) and ( |5.5| ) are only defined for j ^ e, because 
the dual unit has no inverse. However, the Hopf algebras obtained by means of these 
substitutions are always well-defined: 

Proposition 5.1. The Hopf algebra Funv{ISO{l,l; j)) has multiplication, co- 
product, counit and antipode given by 

^ [ smh j9 . {cosh j9 - 1) \ 

[0,a2]=v\^— J j, (5.6) 

[01,02] = v{di + j02). 



A{9) =9®l + l®9, 

A{di) = oi (g) 1 + cosh j6' ® Oi + j sinh j6' ® 02, (5.7) 

A / - X , ^ sinhj^ 
A(a2) = 02 ® 1 + cosh jt^ ® 02 H — ® Oi, 

e(X) = 0, X G {01,02,^"}; (5.8) 
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lid) 
7(01) 

7(02) 



-9, 



cosh{j9)ai + j sinh(j^)a2, 
cosh[j0)a2 H : . 



(5.9) 



By taking into account the power series expressions for the functions sinh(jy)/j, 
cosh(jy) — 1 and (cosh(jy) — l)/j^, it is easy to check that all of them are always 
real functions for real values of the argument ?/ G IR, no matter of wether j is the 
complex, dual or double unit. Therefore, note that each commutator ( p.6| ) is written 
as a pair formed by a "real" term and a "pure imaginary" term. 

The above statement enables us to define the quantum Euclidean, Poincare and 
Galilean planes as follows: 

Proposition 5.2. Consider the coordinates of the quantum space {xi,X2) verifying 



[Xi,X2] = v{Xi +jX2) 



(5.10) 



then, the co-action 



I 1 



^ 1 



V ^2 



1 


1 
















cosh 


j sinh 






V 


0,2 


-. sinh 


cosh 


) 





(5.11; 



preserves the commutation rules l \5.1(\ ) for the {x[,X2) coordinates. 

In the Euclidean case (j = i), the resultant Hopf algebra can be compared to 

leading to similar comments to the ones done in 
implies that commutation 



the standard one obtained in 
§4.1. For the Heisenberg case, the fact that = 
rules (|5.6|) can be written as quadratic relations: 



[6, ai] = —ve6, 

[6,02] =v (9 -60^2), 

[ai, 02] = V (ai + €02). 



(5.12) 



If we rename generators in the form 6 = 6,di = a and 0,2 = (3, this algebra is 
included within the classification of quantum Heisenberg groups given in [|T^ (see 
also ||2^) as a (Type I) two-parametric deformation with z = ^ve and p = q = —v. 

It is interesting to note that the standard quantum Heisenberg group |T^ is 
obtained by supressing in (|5.12|) all "imaginary" terms that include the dual unit 
e. The same is true for the Poincare (resp. Euclidean) cases if we annihilate the 
imaginary parts of the expressions. In this sense, it is worth remarking that an 
approach with dual units is quite different from a strict contraction procedure. Thus, 
if we perform the contraction [|1^ 



ai. 



A ^0,2; 9' = \ ^9, 



X 



-i„ 



(A^O), (5.13) 
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in either the non-standard quantum Poincare or Euchdean groups we get exactly 
the standard quantum Heisenberg group. 

The geometrical meaning of the relations ( p.6|) and ( p.lOj ) should deserve fur- 
ther study; in this non-standard quantum space the commutator of the coordinates 
(xi,X2) of a point is, in some sense, the point itself. 

6 Concluding remarks 

Non-standard quantum deformations have received scant attention compared to the 
standard ones. However, they present interesting features: at a purely mathematical 
level, the existence of a *;j-product that quantizes the Poisson-Lie group is always 
guaranteed for them. From a physical point of view, they are naturally adapted to 
the null-plane basis of the Poincare algebra (see |2^, ^ for the construction of such 
null-plane deformations of the (2+1) and (3+1) dimensional cases). This paper can 
be seen as a first step in the study of these null-plane quantum groups. At this 
respect, the symmetric appearance of both spatial and time quantum translations, 
together with the coboundary nature of the underlying Lie bialgebras are worth 
emphasizing. 

It is also interesting to note that the essential features of the T-matrix approach 
can be obtained without computing all the components of the dual tensors. We 
have also shown that the quantum group Funw{ISO{l, 1)) is, in fact, an infinite 
dimensional Hopf-Lie algebra. This structure is rather different to the universal 
enveloping algebras encountered when computing T-matrices in the literature. 

Since the Sklyanin bracket defines a quadratic algebra in terms of the group 
entries, it seems difficult, in general, to deduce from it the algebraic properties 
that characterize the dynamical algebras comming from different r-matrices. How- 
ever, the results contained in the previous pages show that, if we take into account 
the specialization of the Sklyanin bracket to the group coordinates, the compari- 
son between two Sklyanin algebras defined on the same group is much more easy. 
The T-matrix provides a canonical framework to consider the corresponding non- 
commutative problem and, for the cases so far explored, the main result is: at the 
algebra level, quantum groups are just the Weyl quantization of these "fundamental 
Sklyanin algebras" , perhaps endowed with a deformed group law. 

An interesting question to be posed now is whether the study of the non-standard 
sZ(2,lR) deformation from the T-matrix point of view would confirm the previous 
analysis. Work on this line is currently in progress. 

Acknowledgements 

CM. P. expresses her gratitude for the warm hospitality during her stays in Val- 
ladolid. This work has been partially supported by a DGICYT project (PB92-0255) 
from the Ministerio de Educacion y Ciencia de Espafia. 



15 



References 



[1] L. Faddccv and L. Takhtajan, Hamiltonian Methods in the Theory of Solitons, (Springer- 
Verlag, Berlin, 1987). 

[2] V. G. Drinfcld, Sov. Math. Dokl. 27, 68 (1983). 

[3] L. A. Takhtajan Lectures on Quantum Groups in: "Introduction to Quantum Groups and 
Integrable Massive Models in Quantum Field Theory". Nankai Lectures in Mathematical 
Physics, 69, (World Scientific, Singapore, 1990). 

[4] C. Fronsdal and A. Galindo: Lett. Math. Phys. 27, 39 (1993). 

[5] C. Fronsdal and A. Galindo: "The Universal T -Matrix" in: Proc. of the 1992 Joint Summer 
Research Conference on conformal field theory, topological field theory and quantum groups. 
Holyhoke, 1992. 

[6] C. Fronsdal: "Universal T-Matrixfor Twisted Quantum gl{N)." Preprint UCLA/93/TEP/3. 

[7] F. Bonechi, N. Ciccoli, R. Giachetti, E. Sorace and M. Tarlini: "Invariant q-Schrddinger Equa- 
tion from Homogeneous Spaces of the 2-dim Euclidean Quantum Group". Preprint DFF/1994. 

[8] V. Lyakhovsky: "Group-Like structures in Quantum Lie Algebras and the Process of Quan- 
tization" in: "Quantum groups, formalism and applications", J. Lukierski, Z, Popowicz and 
J. Sobczyk (eds.); Polish Scient. Publ. (1995). 

[9] A. A. Belavin and V. Drinfel'd : Funct Anal. Appl. 16, 159 (1983). 

[10] Drinfel'd V: Quantum Groups, Proc. Int. Congr. of Mathematics, (MRSI Berkeley, 1986), p. 
798. 

[11] M. Jimbo, Lett. Math. Phys. 10, 63 (1985); 11, 247 (1986). 

[12] F. Bonechi, E. Celeghini, R. Giachetti, CM. Perena, E. Sorace and M. Tarlini:J. Phys. A: 
27, 1307 (1994). 

[13] R. Chakrabarti and R. Jagannathan: "On the Hopf Structure ofUp^q{gl{l\l)) and the universal 
T -matrix of Funp^q{GL{l\l)) ".Preprint. 

[14] F. Bonechi, E. Celeghini, R. Giachetti, E. Sorace and M. Tarlini: Phys. Rev. Lett. 68, 3718 

(1992). 

[15] A. Ballcsteros, F. J. Herranz, M. A. del Olmo, and M. Santander, J. Math. Phys. (to appear). 

[16] A. Ballesteros, F. J. Herranz, M. A. del Olmo, and M. Santander: "Lie Bialgebra Contractions 
and Quantum Deformations of Quasi-Orthogonal Algebras". Preprint hep-th-9412083. 

[17] S. Zakrzewsky: "Poisson Poincare Groups" in: "Quantum groups, formalism and applica- 
tions", J. Lukierski, Z. Popowicz and J. Sobczyk (eds.); Polish Scient. Publ. (1995). 

[18] L. L. Vaksman, and L. L Korogodski, Sov. Math. Dokl. 39, 173 (1989). 

[19] V. Hussin, A. Lauzon and G. Rideau: Lett. Math. Phys. 31, 159 ( 1994). 

[20] A. Pressley and V. Chari: Nucl. Phys. B (Proc. Supl.) 18 A, 207 (1990). 

[21] Ohn C: Lett. Math. Phys. 68, 85 (1992). 

[22] A. Ballesteros, F. J. Herranz, M. A. del Olmo, and M. Santander, "Non-standard quantum 

so(2,2) and beyond". J. Phys. A. (to appear). 

[23] V. Lyakhovsky and A. Mudrov: J. Phys. A: Math. Gen. 25, L1139 (1992). 

[24] N. Y. Rcshctikhin, L. A. Takhtadzhyan, and L. D. Faddeev, Leningrad Math. J. 1, 193 (1990). 

[25] I. M. Yaglom A simple non-Euclidean geometry and its physical basis, (Springer- Verlag, New 
York, 1979). 



16 



[26] N. A. Gromov and V. I. Man'ko: J. Math. Phys. 33, 1374 (1992). 
[27] B.A. Kupcrschmidt: J. Phys. A: Math. Gen. 26, L929 (1993). 

[28] A. Ballesteros, F. J. Herranz, M. A. del Olino, and M. Santander, "Null-plane quantum 
Poincare algebra" . preprint UVA-94123. 



17 



